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(Moscow State University) ∗
Morales Mele´ndez, Quitzeh
(National Autonomous University of Mexico) †
Abstract
In this work the equivariant signature of a manifold with proper ac-
tion of a discrete group is defined as an invariant of equivariant bordisms.
It is shown that the computation of this signature can be reduced to its
computation on fixed points sets equipped with their tubular neighbor-
hoods. It is given a description of the equivariant vector bundles with
action of a discrete group G for the case when the action over the base is
proper quasi-free, i.e. the stationary subgroup of any point is finite. The
description is given in terms of some classifying space.
1 Proper action of discrete group
Definition 1 Let G be a discrete (countable) group, M be a smooth orientable
manifold. The action of the group G on M
G×M−→M
is called proper, if for any point x ∈M the stationary group Gx ⊂ G,
Gx
def
= {g ∈ G : gx = x} is finite. The action is called cocompact if the quotient
space M/G is compact.
As a more accurate definition, we have the following.
Definition 2 The action of the group G on M is proper if the mapping
G×M−→M ×M, (g, x) 7−→ (gx, x), g ∈ G, x ∈M,
is proper.
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The action is called smooth if each element g ∈ G acts on M by a diffeomor-
phism.
Let H < G be a finite subgroup. Denote by MH the subset of fixed points
MH
def
= {x ∈M : ∀g ∈ H gx = x}.
The subset MH is a smooth submanifold, see for example [7]
Let H(G) be the family of all (finite) subgroups H ⊂ G such that MH 6= ∅.
The family H(G) forms a category with respect to embedding of subgroups. Let
H(H) ⊂ H(G) be the subfamily of subgroupsH ′ ∈ H(G) such thatH ′ ⊃ H, H ′ 6= H .
If H1 ⊂ H2 ⊂ G, then M
H2 ⊂MH1 . The family
V H
def
= MH \

 ⋃
H′∈H(H)
MH
′

 .
forms a smooth stratification on the manifold M .
1.1 Simplicial proper actions
S.Illman and T.Korppi proved that each smooth proper action is simplicial with
respect to a simplicial structure on the manifold M ([9, 8]).
For a manifold with proper simplicial action one has a diagram:
C0 C1
d1oo · · ·
d2oo Cn−1
dn−1oo Cn
dnoo
Cn
D0
OO
Cn−1
δn
oo
D1
OO
· · ·
δn−1
oo C1
δ2
oo
Dn−1
OO
C0
δ1
oo
Dn
OO (1)
where
Ck
def
= Ck(M), 0 ≤ k ≤ n,
and
Ck
def
= Hom 0(Ck(M),K), 0 ≤ k ≤ n,
are chain and cochain groups correspondingly.
For the diagram 1 the following properties hold
1. dk−1dk = 0 ,
2. dkDk + (−1)k+1Dk−1d∗n−k+1 = 0 ,
3. Dk = (−1)k(n−k)D∗n−k .
4. H(Dk) : H(C
n−k)−→H(Ck) is isomorphism in homology.
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The diagram 1 with properties (1–4) is called algebraic Poincare complex
(APC(M,G) ).
Unlike of non simply connected manifolds, in the case of proper action all
modules
Ck
def
= Ck(M)
and
Ck
def
= Hom 0(Ck(M),K)
are neither free nor projective but they are finitely generated over the group
ring A = K[G] in the case K ≈ Z.
A crucial point is that, in the case when K is a field of zero characteristic
(for example if K ≈ Q,R,C), one has
Theorem 1 If the action of the group G is proper (cocompact) then all modules
Ck over a field K of zero characteristic are projective finitely generated modules
and
Ck ≈ Hom K(Ck,K).
1.2 Noncommutative signature for manifolds with proper
action
Let Kp(A) be the groups of Hermitian K–theory, based on finitely generated
projective modules. There is a natural map
K(A)−→Kp(A).
Hence one can define a noncommutative signature for manifolds with proper
action of a discrete group similar to classical case:
signM
def
= sign (ACP (M,G)) ∈ Kp(A).
One can reduce the algebra A = K[G] to its completion A¯ = C∗[G]. Then
one has
Theorem 2 If A is a C∗–algebra then K(A) ≈ Kp(A).
Definition 3 Consider an orientable manifold X with proper action of the
group G. Say that the manifold X is bordant to zero if there exists an orientable
manifold with boundary W with proper action of the group G such that
∂W = X.
Let pΩ
G
n be the family of all bordant classes of manifolds with proper action of
the group G.
The noncommutative signature sign (ACP (M,G)) satisfies the properties:
• It is homotopy invariant;
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• It is an invariant of bordisms.
So one has a map
sign : pΩ
G
n−→Kp(A).
Let fΩ
G
n be the similar bordism group for free cocompact action of the
group G. One has the commutative diagram
pΩ
G
n
sign
−→ Kp(A)
∪ ∪
fΩ
G
n
sign
−→ K(A)
LetBG be classifying space, that is the Eilenberg-MacLane complexBG = K(G, 1).
Then each manifold M with free cocompact action of the group G induces a
continuous mapping
ϕM :M/G−→BG,
such that the diagram
M
ϕ˜M
−→ EGy y
M/G
ϕM
−→ BG
is commutative.
Then one has
fΩ
G
n ≈ Ω
G
n (BG)
that is the signature induces a mapping
ΩGn (BG)
sign
−→ K(A),
and can be expressed in the terms of characteristic classes, which is known as
the Hirzebruch formula.
1.3 The Hirzebruch formula
The formula states that for any orientable compact manifold M
signM = 〈L(M), [M ]〉,
where L(M) is the Hirzebruch characteristic class as a polynomial of the Pon-
tryagin classes. If M is a manifold with free cocompact action of the group G,
then one has a similar formula:
signM = 〈L(M/G)chA(ξA), [M/G]〉 ∈ K(A)⊗Q,
where A = C∗[G] is the group C∗–algebra of the group G.
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Theorem 3 (P.Baum, A.Connes, and N.Higson.) For a discrete group G
there is an universal space pEG with proper action of the group G such that for
any space X with proper action of the group G there is an equivariant continuous
mapping
f : X → pEG
unique up to equivariant homotopies [5].
This means that
pΩ
G
n ≈ pΩ
G
n (pEG).
Each manifold M with proper action of the group G induces a stratified
manifold with singularities M ′ =M/G. In other words one has a natural map-
ping
pΩ
G
n
/
−→sΩn(pEG/G).
2 Problem
• Find a Hirzebruch type formula for the noncommutative signature for
manifolds with proper action.
Let EfG be a contractible space with free action of the group G. Then, to
each equivariant vector bundle ξ overM corresponds the bundle pr∗1(ξ) over the
space M ×EfG. Since the action of the group G is free on the product M ×E
f
G,
then there is a vector bundle η over the quotient space (M × EfG)/G such that
q∗(η) = pr∗1(ξ). Notice that the inverse image pr
′−1
1 (x) has finite homology for
any point x ∈ M ′ = M/G. Therefore there should be a vector bundle ζ over
M ′ such that (pr′1)
∗(ζ) = Nη for a proper choice of the integer N . This means
that the diagram
VectG(M)
pr∗
1 //

VectG
(
M × EfG
)
Vect(M ′ =M/G)
pr′∗
1
≈
⊗Q
// Vect
((
M × EfG
)
/G
)
q∗≈
OO
is commutative and that (pr′1)
∗ is an isomorphism up to integer multiplication.
M
p

M × EfG
q

pr1oo
M ′ =M/G
(
M × EfG
)
/G
pr′
1
oo
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Let us check that cohomology of the inverse image of the point, pr′
−1
1 (x) is
finite. For x ∈MH one has
pr′
−1
1 (x) =
(
G/H × EfG
)
/G
G/H × EfG
H //
(
G/H × EfG
)
/H
G/H //
=

(
G/H × EfG
)
/G
≈

G/H × (EfG)/H G/H
// (EfG)/G
Hence
H∗{pr′
−1
1 (x), x0;Q} = 0
and
H∗(M/G;Q)
≈ // H∗
((
M × EfG
)
/G;Q
)
,
Vect(M ′ =M/G)⊗Q
≈ // Vect
((
M × EfG
)
/G
)
⊗Q.
So
VectG(M)
pr∗
1 //

VectG
(
M × EfG
)
Vect(M ′ =M/G)
pr′∗
1
≈
⊗Q
// Vect
((
M × EfG
)
/G
)
q∗≈
OO
In the case of classical signature we can apply the following theorem:
Theorem 4 The quotient space X =M/G satisfies the Poincare duality in ho-
mology with rational coefficients:
D : Hk(X ;Q)
≈
−→Hn−k(X ;Q)
It is easy to notice that the Hirzebruch genus of the manifold M can be
represented by an invariant differential form with respect to the action of the
group G. Therefore, one can define the Hirzebruch genus of the quotient space
M/G.
Conjecture 1 For the signature signM/G = sign H∗(M/G;Q) ∈ Z one has
an analogue of the Hirzebruch formula:
signM/G = 〈L(M), [M/G]〉 ∈ Q.
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For a C∗–algebra A: In the case of a C∗–algebra A = C∗[G], a similar
commutative diagram holds:
VectG(M ;A)
pr∗
1 //

VectG
(
M × EfG;A
)
Vect(M/G;A)
pr′∗
1
≈
⊗Q
// Vect
((
M × EfG
)
/G;A
)
q∗≈
OO
Define ξA ∈ Vect
G(M ;A) by ξA
def
= M ×A. Then, there is a number n ∈ Z
and a bundle ηA ∈ Vect(M/G;A) such that q∗pr′
∗
1(ηA) = n · pr
∗
1(ξA).
Conjecture 2 Conjecture for the C∗–algebra A: For the noncommutative sig-
nature signM ∈ K(A) one has
signM = 〈
1
n
L(M)chA(ηA), [M/G]〉 ∈ K(A)⊗Q.
3 The Connor–Floyd’s fix-point construction
To clarify the bordism concept for proper action one can apply so called the
Conner-Floyd construction for fixed points [2]. This construction reduces the
problem of describing these bordisms to two simpler problems: a) description of
the fixed-point sets (or, more generally, the stationary point sets), which hap-
pens to be a submanifold attached with the structure of its normal bundle and
the action of the same group G, however, this action could have only stationary
points of lower rank; b) description of the bordisms of lower rank with an action
of the group G.
Let
H(M)
def
= {Hx : x ∈M, Hx 6= {1}}.
be the category of isotropic groups.
Let [H ] be the family of all subgroups conjugated to the subgroup H ⊂ G.
Let F be a family of subgroups that is invariant with respect to conjugation and
closed under inclusions. Denote by max{F} the subfamily of maximal objects
in F.
The family H0 is already closed under conjugation and the subgroups of its
elements can be added to it to obtain the whole family of subgroups of G having
nonempty fixed points set. So, put H0
def
= max{H(M)}, H′0
def
= H(M) \ H0, and
Hk
def
= max{H′k−1}, H
′
k
def
= H′k−1 \ H
′
k−1. All the families
H0 ≻ H1 ≻ H2 ≻ · · · ≻ Hk ≻ . . .
are invariant with respect to conjugation.
The set of stationary points MH0 is a submanifold invariant with respect
to the action of the group G. A tubular invariant neighborhood U0 ⊃MH0
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is diffeomorphic to a normal vector bundle ξ0 with base M
H0 ,
dim ξ0 + dimM
H0 = dimM = n.
So one has an exact sequence of equivariant bordisms
· · · −→ nΩG(H′0)
inclusion
−→ nΩG(H0 ⊔H′0)
fixedpoint
−→
fixedpoint
−→ nΩvG(H0,H
′
0)
∂
−→ n−1ΩG(H′0) −→· · ·
Similar for any integer k one has also a exact sequence:
· · · −→ nΩG(H′k)
inclusion
−→ nΩG(H′k−1)
fixedpoint
−→
fixedpoint
−→ nΩ
v
G(Hk,H
′
k)
∂
−→ n−1ΩG(H
′
k) −→· · ·
Here, the group nΩ
v
G(Hk,H
′
k) is generated by manifolds equipped with the
structure of their normal bundle with action of the group G
For an element H ∈ H0 the restriction ξH of the bundle ξ0 to the fixed points
setMH has a fiberwise action NG(H)×ξH → ξH of the normalizer NG(H) such
that the diagram
NG(H)× ξH −→ ξHy y
NG(H)/H ×MH −→ MH
is commutative, and the lower action is free1.
For an element gHg−1 ∈ H0 in the conjugation class of H the bundles ξH
and ξgHg−1 are equivariantly isomorphic.
And, by the maximality of the elements H,K ∈ H0 the corresponding fixed
points sets MH and MK and are disjoint.
Therefore, the group nΩ
v
G(Hk,H
′
k) splits as finite direct sum
nΩ
v
G(Hk,H
′
k) ≈
⊕
[H]∈Hk/G
nΩ
v
G([H ]).
So, the calculation of this groups reduce to the description of the classifying
space for equivariant vector bundles for the case of quasi-free action of the group
G on the base.
4 Classifying space for vector G-bundles with
quasi-free proper action of a discrete group
This problem naturally arises from the Connor-Floyd’s [2] description of bor-
disms with the action of a group G using the so-called fix-point construction
Consider a finite subgroup H < G and the set MH of fixed points with
respect to the action of the subgroup H . If the subgroup H ∈ max{H(M)},
1 This is called quasi-free action of the group NG(H) in [6].
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then its conjugate groups H ′ = gHg−1 either lead to the same fixed point set,
i.e. MH = MH
′
, or these sets do not intersect, i.e. MH ∩MH
′
= ∅. In any
case, the union
M ′ =
⋃
g∈G
MgHg
−1
is a submanifold, whose regular tubular neighborhood is equivariantly diffeo-
morphic to a vector G-bundle ξ, and the action of the group G over the total
space of this bundle does not have H or any of its conjugates as stationary
subgroups. So, the submanifold M ′ decomposes into its components
M ′ =
⊔
[g]∈G/N(H)
g(MH),
where N(H) is the normalizer of the subgroup H and, over the set MH , acts
the factor group N(H)/H .
This shows that, in order to describe the structure of the fixed points sets
using the Connor-Floyd’s method, it is enough to find a description of the
equivariant vector bundles with a particular kind of action of the group G (or
its normalizerN(H)) over the base of the bundle: the so-called quasi-free action.
Previously, by different authors (like, for example, [3]), there were considered
only free and trivial actions of a discrete group G. The case of an arbitrary
action was also studied in the work ([4, 7.2]), although not for bundles, but
for the K-functor generated by them, and only for compact groups. For these
reasons, we believe that the problem of describing the equivariant vector bundles
for proper quasi-free action of discrete groups shall be of great interest.
A brief exposition and several preliminary results were published in
[10],[11],[12],[13],[14],[15],[16].
4.1 The setting of the problem
Lets ξ be an G-equivariant vector bundle with base M .
ξy
M
(2)
Lets H ⊳G be a normal finite subgroup. Assume that the action of the group
G over the base M reduces to the factor group G0 = G/H :
G×M
$$■
■■
■■
■■
■■

M.
G0 ×M
::✉✉✉✉✉✉✉✉✉
(3)
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suppose, additionally, that the action G0×M−→M is free and there is no more
fixed points of the action of the group H in the total space of the bundle ξ.
So, we have the following commutative diagram
G× ξ −→ ξy y
G0 ×M −→ M
(4)
Definition 4 As in [6, p. 210], we shall say that the described action of the
group G is quasi-free over the base with normal stationary subgroup H.
Reducing the action to the subgroup H , we obtain the simpler diagram:
H × ξ −→ ξy y
M = M
(5)
Let ρk : H−→U(Vk) be the series of all the irreducible (unitary) representa-
tion of the finite group H . Then the H-bundle ξ can be presented as the finite
direct sum:
ξ ≈
⊕
k
(
ξk
⊗
Vk
)
, (6)
where the action of the group H over the bundles ξk is trivial, Vk denotes the
trivial bundle with fiber Vk and with fiberwise action of the group H , defined
using the linear representation ρk.
Lemma 1 The group G acts on every term of the sum (6) separately, i.e. every
summand ξk
⊗
Vk is invariant under the action of the group G.
Proof. Consider now the action of the group G over the total space of the
bundle ξ. Fix a point x ∈M . The action of the element g ∈ G is fiberwise, and
maps the fiber ξx to the fiber ξgx:
Φ(x, g) : ξx−→ξgx.
Also, for a par of elements g1, g2 ∈ G we have:
Φ(x, g1g2) = Φ (g2x, g1) ◦ Φ (x, g2) , (7)
Φ(x, g1g2) : ξx
Φ(x,g2)
−→ ξg2x
Φ(g2x,g1)
−→ ξg1g2x
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In particular, if g2 = h ∈ H ⊳G, then g2x = hx = x. So,
Φ(x, gh) : ξx
Φ(x,h)
−→ ξx
Φ(x,g)
−→ ξgx
Analogously, if g1 = h ∈ H < G, then g1gx = hgx = gx. So
Φ(x, hg) : ξx
Φ(x,g)
−→ ξgx
Φ(gx,h)
−→ ξgx
The operator Φ (x, h) does not depends on the point x ∈M ,
Φ(x, h) = Ψ(h) :
⊕
k
(
ξk,x
⊗
Vk
)
−→
⊕
k
(
ξk,x
⊗
Vk
)
,
here, since the action of the group H is given over every space Vk using pairwise
different irreducible representations ρk, we have
Ψ(h) =
⊕
k
(
Id
⊗
ρk(h)
)
.
In this way, we obtain the following relation:
Φ(x, gh) = Φ(x, g) ◦Ψ(h) = Φ(x, ghg−1g) = Ψ(ghg−1) ◦ Φ(x, g). (8)
Lets write the operator Φ(x, g) using matrices to decompose the space ξx as
the direct sum
ξx =
⊕
k
(
ξk,x
⊗
Vk
)
:
Φ(x, g) =


Φ(x, g)1,1 · · · Φ(x, g)k,1 · · ·
...
. . .
...
Φ(x, g)1,k · · · Φ(x, g)k,k · · ·
...
...
. . .

 (9)
If k 6= l then Φ(x, g)k,l = 0, i.e. the matrix Φ(x, g) its diagonal,
Φ(x, g) =
⊕
k
Φ(x, g)k,k :
⊕
k
(
ξk,x
⊗
Vk
)
−→
⊕
k
(
ξk,gx
⊗
Vk
)
,
Φ(x, g)k,k :
(
ξk,x
⊗
Vk
)
−→
(
ξk,gx
⊗
Vk
)
,
as it was required to prove. 
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4.2 Description of the particular case ξ = ξ0
⊗
V
Here we will consider the particular case of a G-vector bundle ξ = ξ0 ⊗ V with
base M .
ξ0 ⊗ Vy
M
where the action of the group G is quasi-free over the base with finite normal
stationary subgroup H ⊳G.
We will assume that the group H acts trivially over the bundle ξ0. By V we
denote the trivial bundle with fiber V and with fiberwise action of the group H
given by an irreducible linear representation ρ.
Definition 5 A canonical model for the fiber in a G-bundle ξ = ξ0
⊗
V with
fiber F ⊗ V is the bundle over one orbit homeomorphic to G0 and with fiber
(F⊗V ), i.e. the cartesian productW = G0×(F ⊗ V ) with the natural projection
W = G0 × (F ⊗ V )−→G0
and fiberwise action of the group G
G×W
φ
−→ Wy y
G×G0
µ
−→ G0
i.e.
G× (G0 × (F ⊗ V ))
φ
−→ G0 × (F ⊗ V )y y
G×G0
µ
−→ G0
where µ denotes the natural left action of G on its quotient G0, and
φ([g], g1) : [g]× (F ⊗ V )→ [g1g]× (F ⊗ V )
is given by the formula
φ([g], g1) = Id⊗ ρ(u(g1g)u−1(g)). (10)
where
u : G−→H
is a homomorphism of right H-modules by multiplication, i.e.
u(gh) = u(g)h, u(1) = 1, g ∈ G, h ∈ H.
Lemma 2 The definition (10) of the action of G is well-defined.
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Proof. It is enough to prove that that a) the formula (10) defines an
associative action, i.e.
φ([g], g2g1) = φ([g1g], g2) ◦ φ([g], g1),
for every g ∈ G, g1 ∈ G, g2 ∈ G and
b) that the formula (10) does not depends on the chosen representative
gh ∈ [g]:
Id⊗ ρ(u(g1g)u
−1(g)) = Id⊗ ρ(u(g1gh)u
−1(gh))
for every g ∈ G, g1 ∈ G and h ∈ H .
In fact,
φ([g], g2g1) = Id⊗ ρ(u(g2g1g)u−1(g)) =
Id⊗ ρ(u(g2g1g)u(g1g)u−1(g1g)u−1(g)) =
= Id⊗ ρ(u(g2g1g)u(g1g)) ◦ Id⊗ ρ(u−1(g1g)u−1(g)) =
= φ([g1g], g2) ◦ φ([g], g1),
what proves a), and, recalling the equation u(gh) = u(g)h for every g ∈ G and
h ∈ H , it is clear that
u(g1gh)u
−1(gh) = u(g1g)hh
−1u−1(g) = u(g1g)u
−1(g),
which implies b). 
In general, a canonical model depends on the choice of the homomorphism u :
G−→H , fortunately, any two such canonical models turn out to be isomorphic,
as it is shown in the following lemma.
Lemma 3 For different choices of homomorphisms u : G−→H and u′ : G−→H
the corresponding canonical models W and W ′ are equivariantly isomorphic, i.e.
there is a fiberwise equivariant homomorphism
W
ψ
−→ W ′y y
G0 = G0
Proof. It is required to construct an equivariant isomorphism
G0 × (F ⊗ V )
ψ
−→ G0 × (F ⊗ V )y y
G0 = G0
We define ψ by the formula
ψ([g]) : [g]× (F ⊗ V )−→[g]× (F ⊗ V )
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ψ([g]) = Id⊗ ρ
(
u′(g)u−1(g)
)
(11)
The formula (11) is well define, since a) does not depends on the choice of
the representative in the conjugation class g ∈ [g], also, it defines an equivariant
mapping between canonical models, i.e. the diagram
[g]× (F ⊗ V )
φ(g1,[g])
−→ [g1g]× (F ⊗ V )yψ([g]) yψ([g1g])
[g]× (F ⊗ V )
φ′(g1,[g])
−→ [g1g]× (F ⊗ V )
commutes. 
Lets consider, over the base M , an atlas of equivariant charts {Oα},
M =
⋃
α
Oα,
[g]Oα = Oα, [g] ∈ G0.
Lemma 4 There exists an atlas {Oα} fine enough, such that every chart Oα
can be presented as a disjoint union of its subcharts:
Oα =
⊔
[g]∈G0
[g]Uα,
where the translates of the chart Uα are pair-wise disjoint, i.e.
[g]Uα ∩ [g
′]Uα = ∅ for [g] 6= [g
′],
and, for different indices α 6= β, a nonempty intersection Uα∩ [gαβ]Uβ 6= ∅, can
occur only for an unique element [gαβ ] ∈ G0.
In other words, if [g] 6= [gαβ], then Uα ∩ [g]Uβ = ∅.
This means, that every chart Oα is homeomorphic to the cartesian product
Oα ≈ Uα ×G0,
and also the intersection of two charts Oα∩Oβ can be presented as the cartesian
product
Oα ∩Oβ ≈ (Uα ∩ [gαβ]Uβ)×G0.
In terms of the introduced notations, the following theorem constitutes an
analog of the proposition about locally trivial bundles (conf., for example, [1]).
Theorem 5 The bundle ξ = ξ0
⊗
V is locally homeomorphic to the cartesian
product of some chart Uα by the canonical model. More precisely, for a fine
enough atlas, there exist G-equivariant trivializations
ψα : Oα × (F ⊗ V )→ ξ|Oα (12)
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where
Oα × (F ⊗ V ) ≈ Uα × (G0 × (F ⊗ V ))
and there is a commutative diagram
ξ|Oα
g
−→ ξ|Oαxψα
xψα
Uα × (G0 × (F ⊗ V ))
Id×φ(g)
−→ Uα × (G0 × (F ⊗ V ))
(13)
where g ∈ G, Id : Uα → Uα, and φ(g) denotes the canonical action.
Proof. Consider an atlas fine enough as to have the properties stated in
the lemma 4. We will construct the trivialization (12) from an arbitrary H
equivariant trivialization
ψα : Uα × (F ⊗ V )→ ξ|Uα
in such a way, that the diagram
ξ|Uα
g
−→ ξ|[g]Uαxψα,1 xψα,[g]
Uα × (F ⊗ V )
Id×φ(g,[1])
−→ [g]Uα × (F ⊗ V )
(14)
commutes for every g ∈ [g], where the left, upper and lower arrows are given
and the right one is defined by the commutativity of the diagram. It is enough
to verify that the map ψα,[g] is well-defined, i.e. that it does not depend on the
conjugation class [g],
ψα,[g] = ψα,[hg], h ∈ H.
In fact, since the isomorphism ψα,1 isH-equivariant, so the following diagram
commutes:
ξ|Uα
h
−→ ξ|[g]Uαxψα,1 xψα,1
Uα × (F ⊗ V )
Id×φ(h,[1])
−→ Uα × (F ⊗ V )
(15)
Lets glue the diagrams (14,15) together
ξ|Uα
h
−→ ξ|[g]Uα
g
−→ ξ|[g]Uαxψα,1 xψα,1 xψα,[g]
Uα × (F ⊗ V )
Id×φ(h,[1])
−→ Uα × (F ⊗ V )
Id×φ(g,[1])
−→ [g]Uα × (F ⊗ V )
(16)
we obtain the following diagram:
ξ|Uα
gh
−→ ξ|[g]Uαxψα,1 xψα,[g]
Uα × (F ⊗ V )
Id×φ(gh,[1])
−→ [g]Uα × (F ⊗ V )
(17)
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since
φ(g, [1]) · φ(h, [1]) = φ(gh, [1]),
but this means that the mapping ψα,[g] is well-defined, as it was required to
prove.

By AutG (G0 × (F ⊗ V )) we denote the group of equivariant automorphisms
of the space G0 × (F ⊗ V ) as a vector G-bundle with base G0, fiber F ⊗ V and
canonical action of the group G.
Corollary 1 The transition functions on the intersection (Uα ×G0)∩(Uβ ×G0) =
(Uα ∩ [gαβ ]Uβ)×G0 , i.e. the homomorphisms Ψαβ = ψ
−1
β ψα on the diagram
(Uα ∩ [gαβ]Uβ)× (G0 × (F ⊗ V ))
Ψαβ
−→ (Uα ∩ [gαβ ]Uβ)× (G0 × (F ⊗ V ))y y
(Uα ∩ [gαβ]Uβ)×G0
Id
−→ (Uα ∩ [gαβ ]Uβ)×G0
(18)
are equivariant with respect to the canonical action of the group G over the
product of the base by the canonical model, i.e.
Ψαβ(x) ◦ φ(g1, [g]) = φ(g1, [g]) ◦Ψαβ(x)
for every x ∈ Uα ∩ [gαβ ]Uβ, g1 ∈ G, [g] ∈ G0. In other words,
Ψαβ(x) ∈ AutG (G0 × (F ⊗ V )) .
Now we give a more accurate description of the group AutG (G0 × (F ⊗ V ))
. By definition, an element of the group AutG (G0 × (F ⊗ V )) is an equivariant
mapping Aa, such that the pair (Aa, a) defines a commutative diagram
(G0 × (F ⊗ V ))
A
a
−→ G0 × (F ⊗ V )y y
G0
a
−→ G0,
which commutes with the canonical action, i.e. the map a ∈ AutG(G0) satisfies
the condition
a ∈ AutG(G0) ≈ G0, a[g] = [ga], [g] ∈ G0,
and the mapping Aa = (Aa[g])[g]∈G0 ,
Aa[g] : [g]× (F ⊗ V )→ [ga]× (F ⊗ V )
satisfies a commutation condition with respect to the action of the group G :
[g]× (F ⊗ V )
Aa[g]
−→ [ga]× (F ⊗ V )yφ(g1, [g])
yφ(g1, [ga])
[g1g]× (F ⊗ V )
Aa[g1g]
−→ [g1ga]× (F ⊗ V )
,
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φ(g1, [ga]) ◦A
a[g] = Aa[g1g] ◦ φ(g1, [g]) (19)
i.e.
(Id⊗ ρ(u(g1ga)u
−1(ga)))Aa[g] = Aa[g1g](Id⊗ ρ(u(g1g)u
−1(g))) (20)
where [g] ∈ G0, g1 ∈ G.
Lemma 5 It takes place an exact sequence of groups
1→ GL(F )−→AutG (G0 × (F ⊗ V ))−→G0 → 1 (21)
Proof. To define a projection
pr : AutG (G0 × (F ⊗ V ))−→G0
we send the fiberwise map
Aa : G0 × (F ⊗ V )−→G0 × (F ⊗ V )
to its restriction over the base a : G0 → G0 , i.e. a ∈ AutG(G0) ≈ G0. So, this
is a well-defined homomorphism.
We need to show that pr is an epimorphism and that its kernel is isomorphic
to GL(F ). Lets calculate the kernel, i.e. the set of mappings of the form A1.
The equation (20) in this case gives
(Id⊗ ρ(u(g1g)u
−1(g)))A1[g] = A1[g1g](Id⊗ ρ(u(g1g)u
−1(g))) (22)
In the case g1 = h ∈ H , we obtain
(Id⊗ ρ(u(hg)u−1(g)))A1[g] = A1[g](Id⊗ ρ(u(hg)u−1(g)))
Since the representation ρ is irreducible, by Schur’s lemma, we have
A1[g] = B1[g]⊗ Id.
On the other side, assuming in (22) that g = 1 , we have
(Id⊗ ρ(u(g)))A1[1] = A1[g](Id⊗ ρ(u(g))),
i.e.
(Id⊗ ρ(u(g)))(B1[1]⊗ Id) = (B1[g]⊗ Id)(Id ⊗ ρ(u(g))),
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or
(B1[g]⊗ Id) = (B1[1]⊗ Id).
So, the kernel ker pr is isomorphic to the group GL(F ) .
In the generic case, i.e. [a] 6= 1 , we can compute the operator Aa[g] in terms
of its value at the identity Aa[1] from the formula (20): assuming g = 1, we
obtain (changing g1 by g):
(Id⊗ ρ(u(ga)u−1(a)))Aa[1] = Aa[g](Id⊗ ρ(u(g))), (23)
i.e.
Aa[g] = (Id⊗ ρ(u(ga)u−1(a)))Aa[1](Id⊗ ρ(u−1(g))), (24)
Therefore, the operator is completely defined by its value
Aa[1] : [1]× (F ⊗ V )→ [a]× (F ⊗ V )
at the identity g = 1.
Now we describe the operator Aa[1] in terms of the representation ρ and its
properties.
We have a commutation rule with respect to the action of the subgroup H
:
[1]× (F ⊗ V )
Aa[1]
−→ [a]× (F ⊗ V )yφ(h, [1]) yφ(h, [a])
[1]× (F ⊗ V )
Aa[1]
−→ [a]× (F ⊗ V )
,
Equivalently
Aa[1] ◦ φ(h, [1]) = φ(h, [a]) ◦Aa[1],
i.e.
Aa[1] ◦ (Id⊗ ρ(h)) = (Id⊗ ρ(g′−1(a)hg′(a))) ◦Aa[1],
i.e.
Aa[1] ◦ (Id⊗ ρ(h)) = (Id⊗ ρg′(a)(h)) ◦A
a[1].
The last equation means that the operator Aa[1] should permute these repre-
sentations, or equivalently, such an operator exists only when the representations
ρ and ρg′(a) are equivalent. Recalling the commutation rule (8), we see that this
is the case we are been considering.
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Thus, if the representations ρ and ρg are equivalent, we have an (invertible)
splitting operator C(g) , satisfying the equation
ρg(h) = ρ
(
g−1hg
)
= C(g)ρ(h)C−1(g). (25)
for every g ∈ G. The operator C(g) is defined up to multiplication by a scalar
operator µg ∈ S
1 ⊂ C1 .
So
Aa[1] ◦ (Id⊗ ρ(h)) = (Id⊗ C(g′(a)) ◦ ρ(h) ◦ C−1(g′(a))) ◦Aa[1],
or
(Id⊗C−1(g′(a))) ◦Aa[1] ◦ (Id⊗ ρ(h)) = (Id⊗ ρ(h)) ◦ (Id⊗C−1(g′(a))) ◦Aa[1],
Then, by the Schur’s lemma,
(Id⊗ C−1(g′(a))) ◦Aa[1] = Ba[1]⊗ Id,
i.e.
Aa[1] = Ba[1]⊗ C(g′(a)),
Using the formula (24), we obtain
Aa[g] = (Id⊗ ρ(u(ga)u−1(a)))(Ba[1]⊗ C(g′(a)))(Id ⊗ ρ(u−1(g))),
i.e.
Aa[g] = Ba[1]⊗ (ρ(u(ga)u−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g))). (26)
This means, that by defining the matrix Ba[1], it is possible to obtain all
the operators Aa[g] satisfying the equation (24).
It remains to verify the commutation rule (20), i.e. in the formula
(Id⊗ ρ(u(g1ga)u
−1(ga)))Aa[g] = Aa[g1g](Id⊗ ρ(u(g1g)u
−1(g)))
we substitute the expression (26):
(Id⊗ ρ(u(g1ga)u−1(ga))) ◦ (Ba[1]⊗ (ρ(u(ga)u−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g)))) =
= (Ba[1]⊗ (ρ(u(g1ga)u
−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g1g)))) ◦ (Id⊗ ρ(u(g1g)u
−1(g)))
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that is
Ba[1]⊗ ρ(u(g1ga)u
−1(ga))) ◦ (ρ(u(ga)u−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g)))) =
= Ba[1]⊗ (ρ(u(g1ga)u−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g1g)))) ◦ (ρ(u(g1g)u−1(g)))
Note that this identity does not depend on the particular matrix Ba[1], thus,
this means that we only need to verify the identity for arbitrary a, g and g1:
ρ(u(g1ga)u
−1(ga))) ◦ (ρ(u(ga)u−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g)))) =
= (ρ(u(g1ga)u
−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g1g)))) ◦ (ρ(u(g1g)u−1(g))),
which is obvious, after the natural simplifications
ρ(u(g1ga)u
−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g)))) =
= (ρ(u(g1ga)u
−1(a)) ◦ C(g′(a)) ◦ ρ(u−1(g))),
So, it follows, that for every element [a] ∈ G0 there exist an element (A
a, a) ∈
AutG (G0 × (F ⊗ V )). This means that the homomorphism
AutG (G0 × (F ⊗ V ))
pr
−→G0
is in fact an epimorphism, and the lemma is proved. 
There is an equivalence between G-vector bundles with fiber G0 × (F ⊗ V )
over a (compact) base X , where G acts trivially over the base and canoni-
cally over the fiber, and homotopy classes of mappings from X to the space
BAutG (G0 × (F ⊗ V )).
Lets denote by VectG(M,ρ) the category of G-equivariant vector bundles
ξ = ξ0 ⊗ V with base M , where the action of the group G is quasi-free over the
base with finite normal stationary subgroup H < G, the group H acts trivially
over the bundle ξ0 and V denotes the trivial bundle with fiber V and with
fiberwise action of the group H given by an irreducible linear representation
ρ. Here we need to require for the representations ρg(h) = ρ(g
−1hg) to be
equivalent for every g ∈ G, in the other case, in view of the commutation rule,
this category may be void.
The objects of the category VectG(M,ρ) are ordinary vector bundles over
the space M , after tensor product by the fixed bundle V . The action of the
group G over this bundles is defined after the tensor product and the inclusion
GL(F ) →֒ AutG (G0 × (F ⊗ V )) from lemma 2 ensures that the identities are
included.
Corollary 2 There is a one-to-one correspondence
VectG(M,ρ) ≈ [M,BU(F )] (27)
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Denote by Bundle(X,L) the category of principal L-bundles over the base
X .
Theorem 6 There is a monomorphism
VectG(M,ρ) −→ Bundle(M/G0,AutG (G0 × (F ⊗ V ))). (28)
Proof. By corollary 1, every element ξ ∈ VectG(M,ρ) is defined by transi-
tion functions
Ψαβ : (Uα ∩ [gαβ]Uβ)→ AutG (G0 × (F ⊗ V ))
where, by construction, when [g] 6= [gαβ ], we have Uα ∩ [g]Uβ = ∅ and if [g] 6=
1, then Uα ∩ [g]Uα = ∅ and Uβ ∩ [g]Uβ = ∅. This means that the sets Uα
and Uβ project homeomorphically to open sets under the natural projection
M →M/G0. So, these transition functions are well-defined over an atlas of the
quotient space M/G0 and they form a G-bundle with fiber G0 × (F ⊗ V ) over
this quotient space.
By the same arguments, it is obvious that every G-equivariant map
hα : Oα × (F ⊗ V )→ Oα × (F ⊗ V ) (29)
can be interpreted as a map
hα : Uα × (G0 × (F ⊗ V ))→ Uα × (G0 × (F ⊗ V )) (30)
by means of the homeomorphism Oα ≈ Uα × G0 , where the set Uα can be
thought as an open set of the space M/G0. Equivalently,
hα : Uα → AutG (G0 × (F ⊗ V )) (31)
where Uα is homeomorphic to an open set of the space M/G0. Therefore, the
map (28) is well defined.
Conversely, if we start from mappings of the form (31) where the sets Uα are
open in M/G0, by refining the atlas, if it is necessary, we can always think that
the inverse image of the open sets Uα under the quotient map M →M/G0 are
homeomorphic to the product Uα ×G0 and then obtain mappings of the form
(29). Therefore, the map (28) is a monomorphism. 
Of course, the map (28) its not in general an epimorphism, since, when we
define the category VectG(M,ρ), we are automatically fixing a bundle M →
M/G0, or equivalently, a homotopy class in [M/G0, BG0].
Theorem 7 If the space X is compact, then
Bundle(X,AutG (G0 × (F ⊗ V ))) ≈
⊔
M∈Bundle(X,G0)
VectG(M,ρ). (32)
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Proof.By theorem 6, there is an inclusion⋃
M∈Bundle(X,G0)
VectG(M,ρ) →֒ Bundle(X,AutG (G0 × (F ⊗ V ))). (33)
Now we will construct an inverse to the map (33), so the fact that the last
union is disjoint will follow. Let
Ψαβ : (Uα ∩ Uβ)→ AutG (G0 × (F ⊗ V ))
be the transition functions of a bundle ξ ∈ Bundle(X,AutG (G0 × (F ⊗ V ))).
By lemma 5, there is a continuous projection of groups
pr : AutG (G0 × (F ⊗ V )) → G0. So, by composition with pr we obtain a
bundle with the discrete fiber G0, and it is well known that G0 acts fiberwise
and freely over the total space M of this bundle and that M/G0 = X .
Also, we can assume that we have chosen an atlas such that there is a
homeomorphism
M ≈
⋃
α
(Uα ×G0) ≈
⋃
α

 ⊔
[g]∈G0
[g]Uα


where the intersections are defined by the rule
[1]Uα ∩ [gαβ ]Uβ ≈ Uα ∩ Uβ
where [gαβ] = pr ◦Ψαβ .
On the other hand, we have
ξ ≈
⋃
α
(Uα × (G0 × (F ⊗ V )))
where Uα×(G0 × (F ⊗ V )) intersects Uβ×(G0 × (F ⊗ V )) on the points (x, g, f⊗
v) = (x,Ψαβ([g], f ⊗ v)) = (x, [gαβg], Aαβ[g](f ⊗ v)) where x ∈ Uα ∩ Uβ and,
once again, we are using lemma 5 for the description of the operators Ψαβ .
Taking into account the homeomorphism
Uα ×G0 ≈
⊔
[g]∈G0
[g]Uα
we can rewrite
([g]x, f ⊗ v) = ([ggαβ]x,Aαβ [g](f ⊗ v))
.
Therefore, the projection
(Uα ×G0)× (F ⊗ V )→ Uα ×G0
extends to a well-defined and continuous projection
ξ →M.
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It is clear by the preceding formulas, that this projection will be G-equivariant,
if G acts canonically over the fibers and in by left translations over its factor
G0. So, we have ξ ∈ VectG(M,ρ).
To end the proof, we make the remark that, by the theory of principal G0-
bundles, the construction of the space M is up to equivariant homeomorphism.
This means that the inverse to (33) is well defined. 
Corollary 3 If the space X is compact, then
[X,B(AutG (G0 × (F ⊗ V )))] ≈
⊔
M∈[X,BG0]
[M,BU(F )]. (34)
Proof. This corollary follows from general theory. It is necessary only to prove,
that VectG(M,ρ) 6= ∅, for every M ∈ Bundle(X,BG0), but, for example, we
have
M × F ⊗ V ∈ VectG(M,ρ).

4.3 The case when the subgroup H < G is not normal
Consider an equivariant vector G-bundle ξ over the base M
ξyp
M.
Let H < G be a finite subgroup. Assume that M is the set of fixed points of
the conjugation class of this subgroup, more accurately
M =
⋃
[g]∈G/N(H)
MgHg
−1
, (35)
and that there is no more fixed points of the conjugation class of H in the total
space of the bundle ξ; here we have denoted by MH the set of fixed points of
the action of the subgroup H over the space M , N(H) the normalizer of the
group H in G.
In other words, H < G is the unique, up to conjugation, maximal subgroup
for the G-bundle ξ, i.e. maxHξ = [H ].
Lemma 6 If the condition (35) holds, then the G-bundle ξ can be presented as
a disjoint union of pair-wise isomorphic bundles with quasi-free action over the
base. More precisely
ξ =
⊔
[g]∈G/N(H)
ξ[g],
where
ξ[g] = p
−1(MgHg
−1
)
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is a vector bundle with quasi-free action of the group N(gHg−1) and, for every
element g ∈ G the mapping
g : ξ[1]−→gξ[1] = ξ[g]
defines an equivariant isomorphism of this bundles, i.e. the diagram
N(H)× ξ[1] −→ ξ[1]ysg × g yg
N(gHg−1)× ξ[g] −→ ξ[g]
(36)
commutes, where
sg : N(H)−→N(gHg
−1) = gN(H)g−1, (g, n) 7→ gng−1.
Proof.By the maximality of H , the union (35) is pair-wise disjoint, i.e.
M =
⊔
[g]∈G/N(H)
MgHg
−1
and, therefore,
ξ =
⊔
[g]∈G/N(H)
ξ[g].
Since the action of G is fiberwise, we have g · ξ[1] = ξ[g] for every g ∈ G.
Restricting the projection ξ−→M to the space ξ[g] , we obtain the bundle
ξ[g]yp
MgHg
−1
.
The bundle ξ[g] has an action of the normalizer N(gHg
−1):
N(gHg−1)× ξ[g] −→ ξ[g],
i.e. ξ[g] is a N(gHg
−1)-bundle for every g ∈ G.
Note that group conjugation sg : N(H)−→N(gHg−1) defines an isomor-
phism between these groups that fits into the commutative diagram
N(H)× ξ[1] −→ ξ[1]y y
N(gHg−1)× ξ[g] −→ ξ[g].
i.e. gng−1 · gx = g · nx. This means that the bundles ξ[1] and ξ[g] are naturally
and equivariantly isomorphic.
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Evidently, the mappings on the diagram (36) do not depend on the elements
n ∈ N(H), but they depend on the element g ∈ G.
The action of the group N(H) over the baseMH reduces to the factor group
N(H)/H :
N(H)× ξ[1] −→ ξ[1]y y
N(H)/H ×MH −→ MH
where, considering the maximality of the group H , the action N(H)/H ×
MH−→MH is free and, by hypothesis, there is no more fixed of the action of
the subgroup H in the total space of the bundle ξ, i.e. N(H) acts quasi-freely
over the base and has normal stationary subgroup H . 
Definition 6 If the condition (35) holds, we will say that the group G acts
quasi-freely over the bundle ξ with (non-normal) stationary subgroup H.
Let X(ρ) be the canonical model for the representation ρ : H−→GL(F ) with
action of the group N(H). Define a canonical model X(ρg) for the representa-
tion
ρg : gHg
−1
s
g−1
−→H
ρ
−→GL(F ),
sg(n) = gng
−1. The action of the group N(gHg−1) over X(ρg) is defined using
the homomorphism of right gHg−1-modules
ug : gHg
−1
s
g−1
−→H
u
−→N(H)
sg
−→N(gHg−1)
by the formula
φ([g], g1) =
⊕
k
(
Id⊗ ρk(u(g1g)u
−1(g))
)
= ρ(u(g1g)u
−1(g)). (37)
Let
GX(ρ) :=
⊔
[g]∈G/N(H)
X(ρg)
i.e. if lHl−1 = gHg−1, then the spaces X(ρg) and X(ρl) coincide.
This notation will be clear after the next lemma.
Lemma 7 The group G acts over the space GX(ρ) quasi-freely with (non-
normal) stationary subgroup H and, under this action, the space GX(ρ) co-
incides with the orbit of the subspace X(ρ). In particular, we have the relations
N(H) (X(ρ)) = X(ρ)
and
(GX(ρ))gHg
−1
= N(gHg−1)/gHg−1.
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Proof. The action G×GX(ρ)→ GX(ρ) is defined in the following way: for a
fixed g ∈ G define the mapping
g : X(ρ)−→X(ρg)
as
sg × Id : N(H)0 × F−→N(gHg
−1)0 × F
(N(H)0 = N(H)/H ) and, if lHl
−1 = gHg−1, then the mapping l : X(ρ)−→X(ρl)
is chosen to make the diagramm
X(ρg)
s−1g ×Id
−→ X(ρ)
‖
yl−1g
X(ρl)
l−1
−→ X(ρ).
(38)
commutative, i.e.
l = (sg × Id) ◦ (g
−1l)
where the mapping
g−1l : X(ρ)−→X(ρ) = X(ρg−1l) (39)
is the canonical left translation by the element g−1l ∈ N(H). 
Corollary 4 There is an isomorphism
g : AutN(H) (X(ρ))
≈
−→AutN(gHg−1) (X(ρg)) (40)
that depends only on the class [g] ∈ G/N(H).
Proof. We have a diagram (36) for ξ = GX(ρ). Such a diagram always
induces an isomorphism
AutN(H) (X(ρ))
≈
−→AutN(gHg−1) (X(ρg))
by the rule
A 7→ gAg−1
and, if l ∈ [g] ∈ G/N(H) then l−1g ∈ N(H) commutes withA ∈ AutN(H) (X(ρ)).
Therefore
gAg−1 = g(g−1l)(l−1g)Ag−1 = g(g−1l)A(l−1g)g−1 = lAl−1.

Definition 7 The space GX(ρ) is called the canonical model for the case when
the subgroup H < G is not normal.
Lemma 8
AutG (GX(ρ)) ≈ AutN(H) (X(ρ)) (41)
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Proof. By definition, an element of the group AutG (X) is an equivariant
mapping Aa such that the pair (Aa, a) defines the commutative diagram
X
A
a
−→ Xy y
G/H
a
−→ G/H,
that commutes with the canonical action, i.e. the mapping a ∈ AutG(G/H)
satisfies the condition
a ∈ AutG(G/H) ≈ N(H)/H, a[g] = [ga], [g] ∈ N(H)/H.
Therefore, Aa = (Aa[g])[g]∈N(H)/H ∈ AutN(H)(X(ρ)).
The value of the operators (Aa[g])[g]∈G/H can be calculated in terms of the
operator Aa[1] as in lemma 5 (formula 24). 
Denote by V˜ectG(M,ρ) the category of vector bundles with quasi-free action
of the group G over the base M .
Theorem 8 V˜ectG(M,ρ) ≈ VectN(H)(M
H , ρ).
Proof. From lemma 6 follows that the bundles ξ[1] and ξ[g] equivariantly
isomorphic and are given by mappings
MgHg
−1
/N(gHg−1)0−→BAutN(gHg−1) (X(ρg)) ,
and
MH/N(H)0−→BAutN(H) (X(ρ)) ,
that can be put in the commutative diagram
MH/N(H)0 −→ BAutN(H) (X(ρ))yg¯ yg¯
MgHg
−1
/N(gHg−1)0 −→ BAutN(gHg−1) (X(ρg)) .
Here, g : ξH−→ξgHg
−1
is the action over the bundle ξ. The arrow on the right
side is induced by the isomorphism (40) and does not depend on the element
g ∈ [g] ∈ G/N(H). 
5 The computation of the groups nΩ
v
G(Hk,H
′
k)
Recall that the bordism groups nΩ
v
G(Hk,H
′
k) are generated by manifoldsM
H of
fixed points sets of subgroups H ∈ Hk = max{H′k−1}. Due to the maximality,
for subgroups H,K ∈ Hk = max{H′k−1}, the corresponding manifolds do not
intersect, i.e. MK ∩MH = ∅. So, we can write
nΩ
v
G(Hk,H
′
k) ≈
⊕
[H]∈Hk/G
nΩ
v
G([H ])
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where [H ] ⊂ Hk denotes de conjugation class of the subgroup H ∈ Hk.
Now, every manifold MH has free action of the group N(H)/H and is
equipped with the structure of its normal bundle with action of the groupN(H).
Lets denote by nΩN(H)/H(BAutN(H) (X(ρ))) , the group of bordisms of the
space BAutN(H) (X(ρ)) with the restriction that the induced map
π1(pr∗ ◦ f) : π1(X) −→ π1(BN(H)0) ≈ N(H)0
is a monomorphism, where pr : AutN(H) (X(ρ))−→G0 is the epimorphism in
the short exact sequence (21).
Theorem 9 It takes place the isomorphism
nΩ
v
G([H ]) ≈
⊕
ρ
n−rΩN(H)/H(BAutN(H) (X(ρ))) (42)
where ρ : H → U(F ), r = dimF runs over all the unitary non-equivalent
representations of the group H.
Proof.By theorem 8, it is enough to consider a manifold equipped with a vector
bundle p : νN(H)−→M
H with quasi-free action of the group N(H) over the base
and stationary subgroup H .
According to 7, the manifold (MH , νN(H)) is defined by the pair (M
H , f),
where MH is some manifold with free action of the group N(H)/H and some
continuous map
f :MH/N(H)0 → BAutN(H) (X(ρ)) ,
which is defined up to homotopy, N(H)0 = N(H)/H , ρ : H → U(F ) is a linear
representation of the group H . In fact, the representation ρ depends on the
connectedness components in the orbit space MH/N(H) , but, by simplicity,
we will assume that it is fixed.
Lets show that the homomorphism
π1(pr∗ ◦ f) : π1(X)−→π1(BN(H)0)
is a monomorphism. In order to do so, lets consider the manifold MH as the
union of its connectedness components:
MH =
⊔
s
MHs .
Then the subgroups
N(H)s0 = {n ∈ N(H)0|n(M
H
s ) =M
H
s }
act freely over the spaces MHs and, therefore
N(H)s0 ≈ π1(M
H
s /N(H)
s
0) −→ π1(BN(H)0) ≈ N(H)0
28
is a monomorphism, but π1(M
H
i ) ≈ π1(n(M
H
n )) for every n ∈ N(H)0,
p : p−1(N(H)0M
H
i )−→N(H)0M
H
i
is a vector bundle with quasi-free action of the group N(H) over the base.
Now, consider a manifold X and a map
f : X → BAutN(H) (X(ρ))
such that
π1(pr∗ ◦ f) : π1(X)−→π1(BN(H)0)
is a monomorphism. Then, over the space M = f∗EN(H)0 , the group N(H)0
acts freely, so this space inherits the smooth structure from the manifold X .
Of course, the corresponding vector bundle with quasi-free action of the
normalizer N(H) is obtained as ξ = f∗EAutN(H) (X(ρ)). 
Other open problems
• Compare the index of the signature differential operator on the manifold
with proper action with the noncommutative signature of the manifold.
• Calculate the noncommutative signature on a manifold with proper action
in the terms of fixed points.
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